Let R be a complete discrete valuation ring of equal characteristic p > 0. Given a Z/p-Galois cover of a formal disc over R, one can derive from it a semi-stable model for which the specializations of branch points are distinct and lie in the smooth locus of the special fiber. The description leads to a combinatorial object which resembles a classical Hurwitz tree in mixed characteristic, to which we will give the same name. The existence of a Hurwitz tree is necessary for the existence of a Z/p-cover whose branching data fit into that tree. We show that the conditions imposed by a Hurwitz tree's structure are also sufficient. Using this, we improve a known result about the connectedness of the moduli space of Artin-Schreier curves of fixed genus. Definition 3.7. Suppose Φ is a cyclic cover of C, and D ⊆ C is an affinoid. We define C(D, Φ, x) := z
Introduction
Throughout this paper, we assume that k is an algebraically closed field of characteristic p > 0. We use the notation {. . .} to denote a multi-set. An Artin-Schreier curve is a smooth, projective, connected k-curve Y , which is a Z/p-cover of the projective line P 1 k . The moduli space of Artin-Schreier k-curves of fixed genus g, which we denote by AS g , has the property that there are curves with different branching data (e.g., different number of branch points) which lie in the same connected component [PZ12] . That motivates the study of equal characteristic deformations of these covers. In [Dan20] , by explicitly constructing some local deformations, it was shown that AS g is connected when g is sufficiently large. Theorem 1.1 (cf. [Dan20, Theorem 1.1]).
• When p = 3, AS g is always connected. • When p = 5, AS g is connected for any g ≥ 14 and g = 0, 2. It is disconnected if g = 4, 6, 8. • When p > 5, AS g is connected if g ≥ (p 3 −2p 2 +p−8)(p−1) 8 and g ≤ p−1 2 . It is disconnected if
Observe that, when p = 5, the only cases that the theorem does not cover are g = 10 and g = 12 (AS g is empty otherwise). The techniques from [Dan20] are inadequate to study these moduli spaces, as well as other cases. In this paper, with the aim to improve that result, we study local deformations in more detail using the notion of Hurwitz tree. A quick overview is given below. Let R be a complete discrete valuation ring with characteristic p > 0 residue field. When R is of mixed characteristic (for example R = W (k) where k is a perfect field of characteristic p > 0), a G-cover of the formal disc Spec R[[X]] gives rise to a combinatorial object called a Hurwitz tree, which has the shape of the dual graph of the semistable model associated to the cover (see e.g., [BW09] , [Hen00] ). The existence of such a tree, along with some other conditions, is necessary for a cover in characteristic p to "lift" to characteristic 0. In particular, when G ∼ = Z/p, Henrio proves that the lifts of a G-cover can be classified by Hurwitz trees of certain forms associated to the cover [Hen00] . Moreover, by generalizing Henrio's technique, Bouw and Wewers prove an analog of Henrio's lifting result for G ∼ = Z/p ⋊ Z/m where m is prime to p [BW06] , and show that all D p -covers (where p = 2) lift.
In this paper, we generalize the notion of Hurwitz tree to the case where R is a complete discrete valuation ring of equal characteristic, specifically, R = k[[t]], and G ∼ = Z/p. The equal characteristic degeneration of Z/p-covers was well-studied by Maugeais and Saïdi in [Mau03] and [Saï07] . Using their results together with Henrio's idea in [Hen00] , we show that the existence of a flat deformation between Artin-Schreier covers of given branching data equates to the existence of a Hurwitz tree that satisfies certain criteria that are imposed by these data. Below is the main result of this paper. . The projective line P 1 k((t)) is identified with the generic fiber of P 1 k [[t]] . Then there exists a Z/p-Galois cover of P 1 k[[t]] whose special fiber is an Artin-Schreier cover over k, branched only at b with ramification jump d and whose generic fiber is an Artin-Schreier cover of P 1 k((t)) branched at r points that specialize to b and which have ramification jumps d 1 , d 2 , . . . , d r if and only if there exists a Hurwitz tree of type {d 1 + 1, d 2 + 1, . . . , d n + 1}.
Type, which will be defined in Definition 4.2, is a combinatorial invariant of a Hurwitz tree. Applying the Hurwitz tree criteria, we improve Theorem 1.1 as below. Theorem 1.3.
• When p = 5, AS g is connected if and only if g ≥ 14 or g = 0, 2.
• When p > 5, AS g is disconnected if (p − 1)/2 < g ≤ (p − 1)(p − 2).
Structure
Section 2 gives a quick overview of Artin-Schreier theory, the moduli space of Artin-Schreier covers of fixed genus, and how to partition the space by the branching data of the points. In the same section, we link the geometry of AS g with the deformation of Z/p-covers (of genus g), and reduce Theorem 1.2 to a local one (Theorem 2.20). In §3, we examine the degeneration of étale Z/p-torsors on a disc using the language of Kato's refined Swan conductors. They are crucial to our approach, and distinguish this paper from [Dan20] . Section 4 introduces the notion of Hurwitz tree and describes how to derive such a tree from a given Z/p-deformation ( §4.2), thus proving the forward direction of Theorem 2.20. Section 5 considers the inverse process of §4.2, constructing a Z/p-deformation from a given Hurwitz tree, hence completing the proof of Theorem 2.20. We then recover some known results about deformations using the new technique in §6.1. Finally, the proof Theorem 1.3 is given in §6.2.1.
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y p − y = a for some a ∈ K (see [Lan02, Section VI.6] ). Let Y be an Artin-Schreier k-curve. Then, by definition, there is a Z/p-cover φ: Y → P 1 k with an affine equation of the form y p − y = f (x) (1) for some non-constant rational function f (x) ∈ k(x). Equation (1) is called an Artin-Schreier equation. Furthermore, a cover φ ′ : Y ′ → P 1 k defined by y p − y = g(x) is isomorphic to φ if and only if g(x) = f (x) + l(x) p − l(x) for some h(x) ∈ K(x). At each ramification point, there is a filtration of ramification groups in upper numbering [Ser79, IV] . In our case, as the inertia group is Z/p, the filtration has only one jump, which we call the ramification jump at the corresponding branch point.
Example 2.1. Suppose p = 5. The cover of Y of P 1 K defined by
is an Artin-Schreier curve. Note that the term 1/x 5 is a 5th-power. Hence, by the above discussion, one may add (−1/x) 5 − (−1/x) to the right-hand-side of (2). The result is an Artin-Schreier equation of the form
(3)
Remark 2.2. We say the Artin-Schreier equation (3) has reduced form. That means the partial fraction decomposition of the right-hand-side of the equation only consists of terms of primeto-p degree. When k is algebraically closed, any Artin-Schreier cover can be represented by a rational function f (x) of reduced form.
The rational function f (x) in (1) tells us everything about the ramification data of the cover φ. Suppose f (x) has r poles: B := {B 1 , . . . , B r } on P 1 k . Let d j be the order of the pole of f (x) at B j . One may assume that f (x) is in reduced form. Hence, the number d j is prime to p. It is an easy exercise to show that B is the collection of branch points of φ, and d j is the ramification jump at B j . We call h j := d j + 1 the conductor at B j . Then h j ≥ 2 and h j ≡ 1 mod p. Moreover, the ramification divisor of φ is D := r j=1 (p − 1)h j Q j where Q j is the ramification point above B j ([Ser79], IV, Proposition 4). Applying the Riemann-Hurwitz formula ([Har77], IV, Corollary 2.4), we obtain the following lemma.
Definition 2.4. We call the r × 1 matrix [h 1 , . . . , h r ] ⊤ the branching datum of φ. For instance, the cover in Example 2.1 has branching datum [2, 3] ⊤ . Throughout the paper, we define d by g = d(p − 1)/2. So, we have the identities: d = r j=1 h j − 2 and r j=1 h j = d + 2 = 2g/(p − 1) + 2.
Remark 2.5. The above lemma shows that all the Artin-Schreier k-curves with the same genus g have the same sum of conductors d + 2. That is the essential difference between Z/p-curves and Z/q-curves where q = p is prime. For each Z/q-curve, a branch point contributes q − 1 to the degree of its ramification divisor. Thus, every Z/q-cover of genus g must have the same number of branch points. It hence makes sense to group Artin-Schreier covers of the same genus by their branching data. This idea is utilized by Pries and Zhu in [PZ12] , and will be discussed in the next section.
Remark 2.6. When the Galois group is Z/p n , the Artin-Schreier theory is generalized by the Artin-Schreier-Witt theory [Lor08, §26] [Lan02, §4] . It says that a Z/p n -cover of P 1 k is determined by some certain length-n-Witt-vector over K. We will discuss the deformations of this family of covers in a forthcoming paper.
Deformations of Artin-Schreier covers
be the functor which to any A, f : A − → k ∈ Alg /k associates classes of G-Galois covers C Φ − → P 1 A that make the following cartesian diagram commute
and so that the G-action on C induces the original action on C. We say Φ is a deformation of φ over A, or φ is deformed (over A) to Φ. For more details, see [BM00, §2] . In this paper, we focus on the case where G = Z/p and
Remark 2.7. One unique aspect of characteristic p is that there exist flat deformations of a wildly ramified cover over rings of equal characteristic so that the number of branch points changes, but the genus does not. That gives us a way to investigate a cover in characteristic p: finding a connection of it with a slightly different one via equal characteristic deformation. For example, using some (equal characteristic) deformations of Z/p n -covers [Pop14, Lemma 3.2], Pop reduced the lifting problem for cyclic groups (a.k.a., the Oort conjecture) to the case that had been solved by Obus and Wewers in [OW14] . Another perk of studying these deformations is understanding the geometry of the moduli space that parameterizes Galois covers. That will be discussed further in §2.3.
Remark 2.8. Suppose φ : Y − → P 1 k is a Z/p-cover that branched at r points {P 1 , . . . , P r } with conductor h i at P i . Suppose, moreover, that Φ is a smooth deformation of φ over a complete discrete valuation ring of equal characteristic whose generic fiber Φ η has branch locus {P 1,1 , . . . , P 1,m 1 , . . . , P r,1 , . . . , P r,mr }, where each P i,j reduces to P i and has conductor h i,j . Then it follows from the discussion in Remark 2. 
The moduli space of Artin-Schreier covers and their deformations
In [PZ12] , the authors introduce the moduli space of Artin-Schreier k-curves of genus g, which they denote by AS g . They enumerate a family of locally closed strata of AS g by partitions of the integer d + 2 such that no entries are congruent to 1 modulo p, i.e., all the possible branching data of Artin-Schreier curves of genus g. We call the collection of those partitions Ω d+2 . For instance, the partition − → E = {h 1 , . . . , h r } of d + 2 is associated with the stratum Γ− → E , which is the collection of all the points of AS g that represent Artin-Schreier curves with branching datum [h 1 , . . . , h r ] ⊤ . We write − → E 1 ≺ − → E 2 if the latter one is a refinement of the former one.
Example 2.9. Suppose p = 5 and g = 14. Then d = 7, and the strata of AS g correspond to the following partitions of d + 2: {9}, {7, 2}, {5, 4}, {5, 2, 2}, {4, 3, 2}, {3, 3, 3}, and {3, 2, 2, 2}.
The following result shows that one can relate the geometry of AS g with the existence of equal characteristic deformations between curves in different strata (hence have distinct branching data). 
Furthermore, the next result shows that the closure of a stratum is simply a union of strata.
Therefore, understanding these deformations can give us a full picture of the moduli space AS g . We thus want to answer the following question.
Question 2.12 (Deformation of Artin-Schreier covers problem). Suppose we are given
The graph C d
Let us fix a prime p and construct a directed graph C d (where d is as in Definition 2.4). The vertices of the graph correspond to the partitions
In general topology, if one irreducible subset of a space lies in the closure of another, then they are contained in the same connected component of that space. Thus, if C d is connected, then so is AS g . It is straightforward to check that the converse also holds. From now on, we will study the geometry of C d .
Example 2.13. Suppose p = 5 and g = 14. Then d = 7. Using the information from [Dan20, Theorem 3.10], we draw a subgraph of C 7 as follows.
{3, 2, 2, 2}
As the subgraph is connected, the graph C 7 is connected, and so is AS 14 .
Remark 2.14. One can apply the results later in this paper (Proposition 5.12 and Proposition 6.2) to show that the above diagram is the complete C 7 . Thus, we can read from the graph that the irreducible components of AS 14 are the closures of the following strata: 
Reduction to the local deformation problem
We first state a fact about germs of Artin-Schreier curves, which implies that, locally, they are easy to control.
Proposition 2.15. Suppose φ : Y → P 1 k is an Artin-Schreier cover and P ∈ P 1 k is a branch point of φ. Then the localization of φ at P is determined by the ramification jump at P .
That means a Z/p-cover of Spec k[[x]] of conductor h is isomorphic to one defined by
The following local-global principle type result will help us to reduce our study of Artin-Schreier deformations to the local case. We say there always exists a deformation of type 
Birational deformation and the different criterion
Usually, when dealing with Galois extensions of k[[x]], it will be more convenient to deal with extensions of fraction fields than extensions of rings. So we will often want to think of a Galois ring extension in terms of the associated extension of fraction fields.
Definition 2.21. Suppose
The following criterion is extremely useful for seeing when a birational deformation is actually a deformation (i.e., when A R ⊗ R k is already integrally closed, this isomorphic to A). Example 2.23. Let p = 5, g = 10, hence, d = 5. Consider the Z/p-cover Φ given by the normalization of P 1 k[[t]] over the extension of its fraction field defined by the following equation:
The special fiber is birational to the Z/5-cover
which is branched at 0 with conductor 7. On the generic fiber, when t = 0, the partial fraction decomposition of H(X, t) is of the form:
−1
.
Adding 1 2t 5 X 5 − 1 2tX to H(X, t), we get
which is a reduced form. Hence, the generic fiber is branched at two points X = 0 and X = t, which have conductors 4 and 3, respectively. It then follows from Proposition 2.22 that Φ is a deformation of type [7] − → [4, 3] ⊤ .
Example 2.24. One can check, in the same fashion as above, that the Z/5-cover given by
, where the generic branch points 0, t 10 , and t 5 have conductors 4, 3, and 5, respectively. Hence, it is a deformation of type [12] − → [4, 3, 5] ⊤ .
Remark 2.25. Suppose φ is a Galois cover over k. We can also apply the criterion to determine whether a deformation Φ of φ over a ring R of mixed characteristic (e.g., R is a finite extension of W (k), where W (k) is a Witt vector over k) is smooth. The lifting problem for Galois covers concerns the existence of a Galois cover in characteristic 0 that reduces to a given one in characteristic p. See [OW14, §4] for some explicit lifts of local Artin-Schreier covers and Z/p 2covers. Some good expositions of the problem are [Obu12] , [BW06] , [OW14] , and [Wea18] . The notion of Hurwitz tree, which we will discuss in §4, is first introduced in [Hen00] to tackle the lifting problem for Artin-Schreier covers. Theorem 1.2 is actually the equal characteristic analog of [Hen00, Théorèm de réalisation].
Degeneration of Z/p-covers
In this section, we study the degeneration of Z/p-covers of Spec R[[X]], where R is a complete discrete valuation of equal characteristic and with uniformizer π. Normalize the canonical valuation on R so that ν(π) = 1. Set K := Frac R and K := Frac R[[X]]. We first introduce a geometric interpretation of Spec R[[X]] using the language of non-archimedean geometry.
Discs and annuli
Firstly, we identify the K-analytic points of Spec
by plugging in X = u. We call X a parameter for the open unit disc D with center 0.
Let R{X} R[[X]] consist of power series for which the coefficients tend to 0, i.e.,
As before, K-points of a closed unit disc Spec R{X} can be identified with
The boundary of the open (or closed) unit disc is represented by the scheme R[[X −1 ]]{X}. Note that the ring S := R[[X −1 ]]{X} is a complete discrete valuation ring with residue field S = k((x)), uniformizing element π and fraction field S ⊗ R K.
For r ∈ Q ≥0 , and a ∈ K such that |a| = r, the open (resp. closed) disc of radius r is characterized by the scheme Spec R[[a −1 X]] (resp. Spec R{a −1 X}). Its set of K-points is isomorphic to the open (resp. closed) unit disc under the map X → a −1 X. Denote by (ν(f (a)), for each f ∈ K × . This is a discrete valuation on K which extends the valuation ν on K, and has the property ν s,z (X − z) = s. We denote by κ s the function field of K with respect to the valuation ν s,z . That is the function field of the canonical reduction D[s, z] of D[s, z]. In fact, D[s, z] is isomorphic to the affine line over k with function field κ s,z = k(x s,z ), where x s,z is the image of π −s (X − z) in κ s,z . For a closed point x ∈ D[s, z], we let ord x : κ × s,z − → Z denote the normalized discrete valuation corresponding to the specialization of x on D[s, z]. We let ord ∞ denote the unique normalized discrete valuation on κ s,z corresponding to the "point at infinity".
The open annulus of thickness ǫ is described by
The open annulus has two boundaries, one given by Spec R[[X]]{X −1 } and one given by Spec R[[U ]]{U −1 }. Note that two annuli over R are isomorphic if and only if they have the same thickness.
For F ∈ K, z ∈ (A 1 K ) an , and s ∈ Q ≥0 , we let [F ] s,z denotes the image of π −νs,z(F ) F in the residue field κ s,z .
Semistable model and a partition of a disc
Consider the open unit disc D := Spec R[[X]], and suppose we are given x 1,K , . . . , x r,K in D(K), with r ≥ 2. We can think of x 1,K , . . . , x r,K as elements of the maximal ideal of R. Let D st be a blow-up of D such that
• the fixed points x b,K specialize to pairwise distinct smooth points x b on D, and
is stably marked. We call D st the stable model of the marked disc (D; x 1 , . . . , x r ), and (D; ∞, (x b )) its special fiber. The dual graph of the special fiber is a tree whose leaves correspond to the marked points and whose root corresponds to ∞.
Example 3.1. Suppose we are given a Z/5-cover (in characteristic 5) of P 1 K that has four branch points X = 0, X = t 5 , X = t 5 (1 + t 5 ), and X = t 10 . The left graph of Figure 1 represents a semi-stable model of P 1 K marked by the open unit disc D = Spec R[[X]] and the branch points of the cover. The tree on the right is its dual graph.
We associate with each edge an annulus. In this example, e 0 corresponds to the spectrum of R[[X, X 1 ]]/(XX 1 − t 5 ) and e 1 resembles Spec
We say e 0 has thickness 1, which is the thickness of the associated annulus divided by p = 5. Moreover, each vertex, which is not the root of the tree, is associated with a punctured disc. For instance, the vertex v 1 corresponds to Spec R{X −1 1 , X 1 , (X −1 1 − 1) −1 }. That can also be thought of as the complement of the closed disc Spec Table 1 shows where the K-points of C specialize.
Reduction of covers
] be a Galois cover. After enlarging our ground field K, we may assume that Φ is weakly unramified with respect to the Gauss valuation ν 0 (that maps X to 0), see [Epp73] . By definition, this means that for all extensions w of ν 0 to the function field of R[[Z]], the ramification index e(w/ν 0 ) is equal to 1. It then follows that the special fiber Figure 1 : The special fiber C and its dual graph 
Definition 3.3. If Φ has étale reduction, we call φ the reduction of Φ, and Φ a deformation of φ over R. We say Φ has good reduction if it has étale reduction, and φ is smooth.
Recall Proposition 2.15 shows that a local Artin-Schreier cover is determined by the conductor of its unique branch point. We therefore reformulate Question 2.19 as follows. 
Refined Swan conductors
Suppose Φ is a cyclic cover of a closed disc, say Spec R{X}. After enlarging R, we may assume that the ramification index is equal to 1. The set of all branch points is called the branch locus of Φ and is denoted by B(Φ).
We define two invariants that measure the ramification of Φ with respect to the canonical valuation. The depth is
where sw(Φ) is the Swan conductor [Kat89, Definition 3.3] of the character associated to Φ. The rational number δ(Φ) is equal to 0 if and only if Φ is unramified. If this is the case, then its reduction φ is well-defined. In particular, if Φ is of order p and δ(Φ) = 0, then there exists u ∈ κ such that φ is defined by y p − y = u. We call u the reduction of Φ. Note that u is unique up to adding an element of the form a p − a, where a ∈ κ, by Artin-Schreier theory. We say Φ
]. Then we can define the differential Swan conductor or differential conductor as
Suppose x ∈ Spec R{X}, and let ord x : κ × − → Z be a normalized discrete valuation whose restriction to k is trivial. Then the composite of v with ord x is a valuation on K of rank 2, which we denote by
Its first component is equal to δ(Φ). We define the boundary Swan conductor
Geometrically, it gives the instantaneous rate of change of the depth in the "direction" corresponding to x. See [OW14, §5.3.2] to learn more about this interpretation in the mixed characteristic case.
Remark 3.5. The invariant sw Φ (x) is determined by δ(Φ) and ω(Φ) as follows:
where φ is the reduction of Φ and sw φ (x) is the usual Swan conductor of φ with respect to the valuation ord x [Ser79, IV, §2]. That follows immediately from the definitions. We
This follows from [Kat87, Corollary 4.6].
Vanishing cycle formula
This section adapts [OW14, §5.3.3] and generalizes to the equal characteristic case.
By §2.4, we can restrict our study to the case where Φ is admissible.
An affinoid subdomain D ⊆ C an gives rise to a blowup C ′ R → C R with the following properties ([BL93]): C ′ R is a semistable curve whose special fiber C ′ := C ′ R ⊗ R k consists of two smooth irreducible components that meet in exactly one point. The first component is the strict transformation of C, which we may identify with C. The second component is the exceptional divisor Z of the blow-up C ′ R → C R , which is isomorphic to the projective line over k and intersects C in the distinguished point x 0 . By construction, the complement Z 0 := Z \ {x 0 } is identified with the canonical reduction D of the affinoid D. In particular, this means that the discrete valuation on K corresponding to the prime divisor Z ⊂ C ′ R is equivalent to the valuation v of D and that its residue field κ may be identified with the function field of Z.
in which the vertical maps are finite Γ-covers and each horizontal map is the composition of an a blowup with a normalization.
After enlarging the ground field K, we may assume that W is reduced. This condition allows us to define the refined Swan conductors for the restriction of Φ to D as in §3.4. We now choose a closed point x ∈ Z 0 = D and a point y ∈ W lying over x. We let
disc. Finally, we let q : W − → W denote the normalization of W and set
Then δ y ≥ 0 and we have δ y = 0 if and only if y ∈ W is a smooth point. The above notation extends to the case D = C as follows. If D = C, then we let Z := C denote the special fiber of the smooth model C R of C and W := Y the special fiber of Y . We set x := x 0 and choose an arbitrary point y ∈ W above x 0 . The residue class U (D, x) is now equal to the open disc D, and the invariant δ y is defined in the same way as for D C.
by definition, Φ has good reduction if and only if δ(Φ) = 0 and Y = W is smooth in any point y above the distinguished point x 0 . The latter condition is equivalent to δ y = 0. Thus, the rest also follows from Proposition 3.8.
Remark 3.10. The above corollary gives us an alternative way to check whether a function has good reduction besides the different criterion (Proposition 2.22). We will utilize this method for the rest of the paper.
Corollary 3.11. Let Φ be an admissible cyclic cover of C, let D ⊆ C be an affinoid, and let x be a point on the canonical reduction D of D. Then
Moreover, if Φ has good reduction, then equality holds.
Proof. Parallel to the proof of [OW14, Corollary 5.13].
The following result follows immediately from Corollary 3.11 and Remark 3.5.
Corollary 3.12. In the same situation of Corollary 3.11, if δ(Φ| D ) > 0, we have
with equality if Φ has good reduction.
Remark 3.13. Corollary 3.9 and Corollary 3.12 imply that, for Φ to have good reduction, ω(Φ| D ) cannot have any zeros besides one at infinity for any affinoid D ⊆ C.
Refined Swan conductor of Artin-Schreier extensions
In this section, we study the depth and differential Swan conductors of an Artin-Schreier cover of a closed disc Spec R{X}. Suppose Φ is a Z/p-cover of the disc defined by
Definition 3.14. Such a u is said to be reduced if u = τ ω, with τ ∈ K, ν(τ ) < 0, ω ∈ O × K , and ω ∈ κ p . We say that u is reducible if there exists an a ∈ K × such that u + a p − a is reduced.
Remark 3.15. In the deformation problem, as we can always replace R by its finite extensions, we may assume that u is reducible.
K , then the depth of Φ is −ν(π)/p and its differential Swan conductor is dω.
Remark 3.17. The proposition implies, if Φ is an Artin-Schreier cover where δ(Φ) > 0, then its differential conductor ω(Φ) is an exact differential form. That is no longer true, however, for a cyclic cover in general.
Example 3.18. Recall that example 2.24, the cover Φ is defined by
As the generic fiber is branched at three points X = 0, X = t 5 , and X = t 10 , we follow §3.2 to construct the dual graph of the associated semistable model as follows.
We set the orientation of the graph to be the direction from its leaves to its root v 0 .
At the initial vertex of e 1 , which corresponds to a punctured disc of radius 5 −2 defined by Spec R{t −10 X, t 10 X −1 , t 10 (X − t 10 ) −1 }, we set X 2 := Xt −10 . Replacing X by X 2 equates to looking at the restriction of the cover to the sub-disc D[2] = Spec R{t −10 X}. We rewrite (6) as
Let x 2 the image of X 2 in the residue field of D[2]. The derivative of the reduction modulo p of
Hence, it follows from Proposition 3.16 that ω(2), after replacing x 2 by x, is the differential Swan conductor of Φ restricting to D[2], and its depth conductor is 17. Its boundary swan conductors are sw
At the initial vertex of e 0 , which resembles the punctured Spec R{t −5 X, t 5 X −1 , t 5 (X − t 5 ) −1 }. Define X 1 := Xt −5 . We then rewrite (6) as
Apply the same argument as above, we see that the degeneration type of Φ on Spec R{X 1 } is 11, dx x 7 (x−1) 5 . Finally, when r = 0, then X 0 = X, the depth is 0, and the reduction φ is defined by y 5 − y = 1
x 11 . Therefore, we have C(Φ, ∞) = 5 + 3 + 4 = 12 = sw φ (∞) + 1. Hence, Φ has good reduction by Corollary 3.9.
In the next example, we will go into detail of describing how the degeneration data vary along the dual graph.
Example 3.19. Consider the Z/2-cover Φ of Spec R{X} that is given by
The associated dual graph of the semi-stable model is as follows. [0] e 0 Recall from §3.2 that the vertex v 1 represents the subdisc D[1] := Spec R{t −2 X}. Substitute t −2 X by X 1 in (8), we obtain
Moreover, we can rewrite g(X, t) as
Note that 2 − 2r < 2r for r ∈ (1/2, 1] and 2 − 2r > 2r otherwise. Hence, one can describe δ(Φ| D[r] ) in terms of r as follows,
Below is the graph of δ(Φ| D[r] ) with respect to r. Moreover, we can write down the equation of ω(Φ| D[r] ) with respect to r as follows.
When r = 0, the reduction of Φ is an Artin-Schreier cover given by y 2 − y = 1 x 2 . As 1/x 2 is a square, we may replace the right-hand-side of the previous equation by 1/x 2 + (1/x) 2 − (1/x) = 1/x. Thus, by Corollary 3.9, Φ does not have good reduction as z∈B(Φ) h z = 2 + 2 > sw Φ (∞) + 1 = 1 + 1.
Remark 3.20. For future reference, we list down some important degeneration data of the cover Φ in Example 3.19 here. The degeneration type of Φ (resp. Φ| D[1] ) is 0, 1 x (resp.
2, dx
x 2 (x−1) 2 ). Remark 3.21. When a cover of a disc has good reduction, then its depth varies from inside the disc to the boundary like a piecewise linear, weakly concave down function. See [OW14, Remark 5 .15] for the mixed characteristic analog of the statement. It is not the case in Example 3.19 because δ(Φ| D[r] ), regarded as a function with respect to r, is weakly concave up at r = 1/2 as showed in Figure 2 .
, then the deformation is flat of type [4] − → [2, 2] ⊤ . This type of deformation will be discussed further in §6.1.1.
In the next two sections, we will study the degeneration of Z/p-covers with good reduction on sub-discs and sub-annuli of the formal disc.
Degeneration data on the boundary
The following is a result by Saïdi, which characterizes Z/p-covers of a boundary of a disc. Moreover, for a suitable choice of the parameter X of A, the torsor f is given by an equation Y p −Y = X m for m ∈ Z, prime to p. That means the depth is 0 and the boundary conductor is m.
Suppose the depth is δ > 0.
In this case f is a torsor under the group scheme M δp,R . Moreover, for a suitable choice of the parameter X, the torsor f is given by an equation Y p − Y = X m /π pδ for m ∈ Z, prime to p. That means the depth is δ and the boundary conductor is m.
The proposition signifies that an order p cover of R[[X −1 ]]{X} is determined by its depth δ and its boundary conductor m. We say it has degeneration type (δ, m).
Remark 3.24. Saïdi's result is motivated by [Hen00, Corollaire 1.8] for the case R is of mixed characteristic. However, it is not true that a Z/p n -cover (where n > 1) of a boundary is determined by its depth and boundary conductor in both mixed and equal characteristic cases. See [HB09, §5.3] for a counterexample to the mixed characteristic case. We will discuss this phenomenon further in a future paper.
Good degeneration data on an annulus
The following proposition describes the degeneration of covers of an annulus with good reduction. 1. The cover f is generically given by Y p − Y = 1/ X m = U m / π mpǫ , where m is an integer prime to p. This cover leads to a reduction on S 1 of type (0, −m), and on S 2 of type (mǫ, m).
2. The cover f is generically given by Y p − Y = 1/( X m π np ) = U m / π p(n+mǫ) , where m is an integer prime to p. This cover leads to a reduction on S 1 of type (n, −m), and on S 2 of type (n + mǫ, m)
Remark 3.26. Our future paper will extend the Proposition 3.25 to all cyclic covers and prove the generalized version using Corollary 3.11.
Hurwitz trees of Artin-Schreier covers
Suppose R is a complete discrete valuation ring whose residue field is of characteristic p > 0.
When R is of mixed characteristic (e.g., R = W (k)), Henrio, Bouw, Wewers, and Brewis define a combinatorial object called Hurwitz tree from a G-cover of a formal disc over R (see [Hen00] , [BW06] , [BW09] ). This construction gives an obstruction for the lifting of Galois covers in characteristic p. In this section, we introduce the notion of Hurwitz tree in equal characteristic, which basically formalizes what Maugeais and Saïdi did in [Mau03] and [Saï07] , using the language from [Hen00] and [BW06] . Then, we will describe how a Z/p-deformation gives rise to such a tree. Finally, we will provide an obstruction for the equal characteristic deformation of Artin-Schreier covers and compute the Hurwitz trees of the previous examples. Throughout the rest of the paper, we assume R = k[[t]], and K := k((t)) is the fraction field of R.
Hurwitz tree
This section follows closely [BW06, §3.1].
Definition 4.1.
A decorated tree is given by the following data We require that C is stably marked by the points ((x b ) b∈B , x 0 ).
The combinatorial tree underlying a decorated tree C is the graph T = (V, E), defined as follows. The vertex set V of T is the set of irreducible components of C, together with a distinguished element e 0 . We write C v for the component corresponding to a vertex v = v 0 and x e for the singular point corresponding to an edge e = e 0 . An edge e corresponding to a singular point x e is adjacent to the vertices corresponding to the two components which intersect at x e . The edge e 0 is adjacent to the root v 0 and the vertex v corresponding to the (unique) component C v containing the distinguished point x 0 . For each edge e ∈ E, the source (resp. the target) of e is the unique vertex s(e) ∈ V (resp. t(e) ∈ V ) adjacent to e which lies in the direction of the root (resp. in the direction away from the root).
Note that, since (C, (x b ), x 0 ) is stably marked of genus 0, the components C v have genus zero, too, and the graph T is a tree. Moreover, we have |B| ≥ 1. For a vertex v ∈ V , we write U v C v for the complement in C v of the set of singular and marked points.
3). A Z/p-Hurwitz tree (or just Hurwitz tree in the context this paper) of type − → E is given by the following data:
• A decorated tree C = (C, (x b ), x 0 ) with underlying combinatorial tree T = (V, E).
• For every v ∈ V , a rational number δ v ≥ 0, called the depth of v.
• For each v ∈ V \ {v 0 }, an exact differential form ω v called the differential conductor at v.
• For every e ∈ E, a positive rational number ǫ e , called the thickness of e.
• For every b ∈ B, a positive number h b , called the conductor at b, such that h b ≡ 1 (mod p).
• For v 0 , a fraction 1 x d , where d ≡ 0 (mod p), called the degeneration at v 0 . These objects are required to satisfy the following conditions.
(H3) For every edge e ∈ E − {e 0 }, we have the equality − ord xe ω t(e) − 1 = ord xe ω s(e) + 1 ≡ 0 (mod p).
(H4) For v 0 , we have d = ord xe 0 ω t(e 0 ) + 1. For each v ∈ V \ {v 0 }, we call (δ v , ω v ) the degeneration type of v. For each e ∈ E, we call (δ s(e) , d s(e) ) (resp. (δ t(e) , d t(e) )) the initial degeneration type (resp. the final degeneration type) of e. The integer h := d + 1 is called the conductor of the Hurwitz tree. The rational δ := δ v 0 is the depth. We define the height of the tree to be the maximal number of edges on a direction from its root to its leaves.
One can easily obtain the following result. See [Hen00, §2] and [GM98] for the proofs of its mixed characteristic analogs. 
In particular, h = b∈B h b .
The
Hurwitz tree associated to a Z/p-cover of a disc.
be the rigid open unit disc over K. Suppose we are given a Z/p-cover Φ of D K , which algebraically given by
with good reduction. Hence δ(Φ) = 0. Obviously, Φ induces a Z/p-cover of the boundary Spec R[[X −1 ]]{X} of the disc D K . Let d be the boundary conductor of this cover. Following [BW09] , we will now associate to Φ a Hurwitz tree. Let x b,k ∈ D K be a branch points of Φ, indexed by the finite set B. We assume that the points x b,K are all K-rational and the conductor at x b,K is h b . By the different criterion (Proposition 2.22) and Proposition 3.23, we obtain b∈B h b = d + 1 =: h. We assume that Φ has at least two branch points (|B| ≥ 2), i.e. the deformation is non-trivial. Applying §3.2, one obtains D R , the semistable model of the marked disc (D K , (x b,K ) b∈B ) with special fiber (D, (x b ), x 0 := ∞). Note that it is a decorated tree, in the sense of Definition 4.1.
Let (V, E) be the combinatorial tree underlying T :
the complement of the singular and marked points and let
We set δ v ∈ Q ≥0 to be the depth conductor of the restriction of the cover to V v,K . When
to be the differential conductor of the same restriction. When Φ| V v,K is étale, which only happens when v = v 0 , its reduction can be represented by a fraction 1
x d , where d is prime to p, by Proposition 2.15. We set the degeneration at v 0 to be that fraction. Finally, for e ∈ E we let A e ⊆ D K denote the subset of all points which specialize to the singular point x e ∈ D corresponding to e. This is an open annulus. We define ǫ e as the thickness of A e divided by p, i.e., the positive rational number such that Proof. The proof is parallel to one for the mixed characteristic case [Hen00, §3.1]. The only differences are: all differential conductors are exact, each branch point contributes more to the degree of the different, and the depth can be arbitrarily large.
(H3) It follows from Proposition 3.25, as − ord xe ω t(e) − 1 is the inside boundary conductor of the associated annulus and ord xe ω t(e) + 1 is its outside boundary one.
(H5), (H4) Suppose e is an edge with initial depth δ s(e) , final depth δ t(e) , and thickness ǫ e . Then, as the restriction of the cover to the corresponding annulus has good reduction, Proposition 3.25 shows that δ t(e) = δ s(e) + ǫ e d e .
(H2), (H6) follow from Remark 3.13. (H1) It follows immediately from the definition of the depth that δ v 0 ≥ 0. Moreover, by (H5), δ v is a strictly increasing function, as v goes away from the root.
Finally, it is immediate from the construction and the good reduction assumption that the depth is 0 and the conductor is h, completing the proof.
Example 4.5. Let Φ be the Z/5-cover in Example 2.24. Then it follows from Example 3.18 that the Hurwitz tree associated with Φ has the following form.
At each vertex v of the tree, the first component of the pair is the depth conductor at the boundary of the disc associated to v. When the depth is positive, the second component is the differential Swan conductor. When the depth is 0, the second component represents the degeneration of the restriction. The rational number below each edge e is the thickness of the corresponding annulus divided by p. The integer on the right at each leaf denotes the conductor of the associated branch point, and inside [·] is the branch point. We often disregard this information as you can see in Example 4.6. One can easily read off from the leaves that Φ has type [12] − → [5, 4, 3] ⊤ . By Proposition 4.4, the existence of a Hurwitz tree of type {h 1 , . . . , h r } is necessary for the existence of a deformation of corresponding type. It gives us an obstruction for the deformation of Z/p-covers, which we call the Hurwitz tree obstruction.
Example 4.6. If there exists a deformation of type [5] − → [3, 2] ⊤ , then the associated Hurwitz tree must have the form below.
Thus, there exists an exact differential form ω = dx x 3 (x−a) 2 , where a = 0. A straightforward calculation shows that the residue of ω at 0 is 3/a 4 , which is a contradiction. Therefore, the Hurwitz tree obstruction does not vanish. Hence, there is no deformation of type Proof. It follows from the depth zero assumption that Φ has étale reduction. Moreover, as the reduction has conductor r i=1 h i by Lemma 4.3, it is smooth by the different criterion (Proposition 2.22) or Corollary 3.9.
Example 4.8. The tree below arises from the deformation in Example 3.19 using the data from Remark 3.20.
Note that 0, 1
x (resp. 2, dx x 2 (x−1) 2 ) is the degeneration type of Φ (resp. Φ| D[1] ). It violates (H4) and (H5), as 2 = d = ord ze 0 ω t(e 0 ) + 1 = 4 and 2 = δ t(e 0 ) = δ s(e 0 ) + ǫ e 0 d e 0 = 3. Hence, it is not a flat deformation by Proposition 4.7.
Construction of Z/p-covers from a Hurwitz tree
In the previous section, we have associated a Hurwitz tree to a Z/p-cover Φ :
] a Hurwitz tree. The main result of this section is that this construction can be reversed.
The proof goes as follows. Using the geometry of the tree T , we partition the open disc Spec R[[X]] into sub-discs, sub-punctured-disc, and annuli as in §3.2. In sections 5.1, 5.2, 5.3, we construct explicitly a Z/p-cover for each of these pieces that matches its associated datum on the tree. We then glue them together along their boundaries using the technique from §5.4. Finally, the details of the proof will be given in §5.5.
Realization of a vertex
Suppose ω v has r poles p 1 , p 2 , . . . , p r ∈ A 1 k , and set d i := − ord p i (ω) − 1, d := − ord ∞ (ω) − 1. The points p i (resp. the point ∞) correspond to the singular points x e i such that s(e i ) = v (resp. to the unique singular point x e with t(e) = v). As in the previous section, v corresponds to a complement of r open discs inside one closed disc
where F is a lift of f to K. Let Spec
be the boundary of the missing open disc containing the point P i,K (resp. ∞).
The below proposition follows easily from Proposition 3.16 and Remark 3.5.
Proposition 5.2. The cover Φ restricts to a Z/p-cover on Spec S i (resp. on Spec S ∞ ). This extension has boundary conductor d i (resp. boundary conductor d) and depth δ.
Realization of an edge
Suppose e is an edge of thickness ǫ with final degeneration type (δ 2 , d 2 ) and initial degeneration type (δ 1 , −d 1 ), where d 1 = d 2 and δ 1 + d 1 ǫ = δ 2 . The edge corresponds to an annulus A of thickness pǫ, which can be identified with Spec R[[X, U ]]/(XU − t pǫ ). Consider a Z/p-cover of the annulus defined by 
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The below proposition easily follows from Proposition 3.16.
Proposition 5.3. 1. The induced G-cover of S 2 has conductor d 2 and depth δ 2 .
2. The induced G-cover of S 1 has conductor −d 1 and depth δ 2 − d 2 ǫ.
Realization of a leaf
Consider a leaf b i ∈ B on a tree with depth δ > 0 and conductor d i ≡ 0 (mod p). It corresponds to a singular point x i and can be associated with a closed disc
Consider the Z/p-cover Φ i of C i,K given by the following equation
Then, by applying Proposition 3.16, we obtain the following result.
Proposition 5.4. The cover Φ i of C i,K has depth δ and boundary conductor d i .
Gluing the boundaries together
In this section, we glue covers of smaller pieces together to form one for a larger piece. 
Filling in a punctured disc
Suppose Φ is a Z/p-cover of a closed punctured disc as in §5.1. We may assume that the restriction of Φ to S i = Spec R[[X − a i ]]{(X − a i ) −1 }, after a change of variable, is given by
It is clear from the construction that Φ i and Φ coincides on the glued boundary.
We would like to construct a Z/p-cover of Spec R{X} whose restriction to the closed punctured disc W coincides with Φ, and whose restriction to each open disc Spec
. To do that, we fill in W by identifying the boundary of Spec R[[Y i ]] with S i like above.
The below lemma shows explicitly how to paste together the disks on the bottom and using the compatibilities on the top.
Lemma 5.5 ([Hen00, Lemma 3.7]). Suppose the elements a 1 , . . . , a r of R are pairwise distinct modulo t. We denote, for each 1 ≤ i ≤ r, α i (resp. β i ) the canonical injection of the R-algebras
for 1 ≤ i ≤ r, then θ is surjective and its kernel N is an R-algebra R{Y 0 } as desired.
We thus can also glue together the covers Φ and Φ i 's along the lifts of the boundaries S i 's on the top in the obvious way so that the G-action is well-defined on the whole lift. The result is a Z/p-cover of R{Y 0 } that restricts to Φ on Spec R{X,
as desired. 
Glueing a closed disc with an annulus

Proof of Theorem 5.1
Let T = (C, ω v , δ v , ǫ e , h b , h − 1) be a Hurwitz tree with conductor h − 1 and depth δ. We call a G = Z/p-cover of the open disc a realization of T if T is associated to this cover by the construction in §4.2. Theorem 5.1 claims that we can realize T . We will prove this claim by induction on the height of the tree T . Suppose first that the height of T is one. Hence, the associated Hurwitz tree has the form like in Figure 3 . Let e 0 be the trunk of T , we set v 1 = t(e 0 ). Then C 0 := C v 1 is the unique component of C which contains the distinguished point x 0 ∈ C. Set δ 1 := δ v 1 , and suppose b 1 , . . . , b r are the leaves with source v, and the x i := x e i are the corresponding singular points associated to the leaves. Let h i := h b i . By §5.3, there exists an open unit disc C i,K over some finite extension 0, 1
Figure 3: A tree of height one
K of k((t)), together with a G-cover Φ v 1 ,i , whose depth is δ 1 and whose boundary conductor is h i . Let Spec S i be the boundary of C i,K . By assumption, the differential form ω := ω v 1 on C 0 has a zero of order d t(e 0 ) − 1 at x 0 and poles of order d i + 1 at x i . Let W v 1 ,K be the punctured disc with the G-cover constructed in Section 5.1, starting from the datum (C 0 , ω, δ 1 ). By Proposition 3.23 and Section 5.2, we can identify the boundary of the missing open disc corresponding to the point x i with Spec S i in a way which makes Φ v 1 ,i and Φ v 1 coincides on the boundary. We can now use Lemma 5.5 to patch together the punctured disc W v 1 ,K and the discs C i,K , in a G-equivariant way. The result is a closed disc
together with a G-cover Φ v 1 . By Proposition 5.2 and the construction, the restriction of the cover to the boundary of C v 1 ,K has conductor d t(e 0 ) and depth δ 1 .
Let A K be the open annulus with the G-cover constructed in Section 5.2, starting from the target datum (δ 1 , d t(e 0 ) ) and the initial datum (δ, d s(e 0 ) = d). By §5.4.2, we can identify the boundary of X v 1 ,K with the "inner boundary" (associated with the target datum) of A K , together with the G-cover, along these boundaries. The result is a G-cover Φ of an open disc with boundary conductor d, depth δ. By construction Φ is a realization of the Hurwitz tree T . That completes the base case of the induction.
Therefore, we may assume that we can realize all Hurwitz trees with lower height than C. Again, let e 0 be the trunk of T , v 1 = t(e 0 ), δ 1 := δ v 1 , and suppose e 1 , . . . , e r are the edges with source v, and x i := x e i the corresponding singular points. Let d i := d s(e i ) . Let T i T be the subtree of T which contains the point x i but not the component C 0 . It is clear that T i inherits from T the structure of a Hurwitz tree, with conductor h i , depth δ 1 , and height strictly less than T . By our induction hypothesis, there exists an open unit disc C i,K over some finite inseparable extension K of k((t)), together with a G-cover Φ v 1 ,i , whose associated Hurwitz tree is T i . We than can apply the same process as in the base case to construct a G-cover Φ that realizes the tree T . This completes the proof of the theorem.
Remark 5.7. In [BW06] , Bouw and Wewers generalize the notion of Hurwitz tree from [Hen00] to the case where G = Z/p ⋊ χ Z/m (m is prime to p) by adding an extra piece of information, which they call the tame inertia character, to Henrio's tree. It comes from the group homomorphism χ : Z/m − → Aut(Z/p) that defines the semi-direct product. Furthermore, they prove an analog of [Hen00, Corollary 1.8] and Proposition 3.23, which says a G-action on a boundary of a disc is determined by its depth, its boundary conductor, and its tame inertia character [BW06, Proposition 2.3]. Using this fact, they utilize Henrio's technique to prove that every local D p -cover in characteristic p lifts to characteristic zero [BW06, Theorem 4.4] . We would expect an analogous result for the equal characteristic case using a parallel theory.
Hurwitz trees and deformations
Combining Theorem 5.1 and Proposition 4.7, we acquire the following result.
Remark 5.14. Proposition 5.12 implies that one can drop the "depth zero" condition in Corollary 5.8. Theorem 2.20 then easily follows.
We call an Artin-Schreier cover equidistant if the distance between any two branch points is the same. A deformation of a one point cover is equidistant if its generic fiber is equidistant, hence its Hurwitz tree has height one. Most of the known deformations have equidistant deformations as building blocks. The follows results then follows immediately from Proposition 5.12. 
for some distinct elements q i 's in k.
Definition 5.16. We say the exact differential form in (13) has type {h 1 , . . . , h r }.
In the remainder of the paper, we will focus on differential forms of type (13).
Remark 5.17. Suppose we are given a rational function of the form f (
Hence, it suffices to study differential forms of type (13), where 1 < h i < p.
Remark 5.18. In [BM00], Bertin and Mézard show that the infinitesimal deformation functor of a local Galois cover is represented by a versal deformation ring. Besides, they give some descriptions for the versal deformation rings of Z/p-covers. Theorem 3.5 of [Hen00] and Proposition 5.12 imply that one can describe a deformation (over either a mixed or equal characteristic ring) of a Z/p-cover by the associated Hurwitz tree, which, in turn, is determined by a sequence of exact differential forms in equal characteristic case, or exact and logarithmic differential forms in mixed characteristic case. We wonder if one can use a space of differential forms to give a full description of the versal deformation ring of an Artin-Schreier cover.
Applications
Some general exact differential form results
Recall from Proposition 5.12 that the deformation of an Artin-Schreier cover is determined by exact differential forms of type (12). Combining with Remark 5.17, we simplify Question 3.4 as follows.
Question 6.1. Let k be an algebraically closed field of characteristic p > 0. Suppose 1 < h i < p for i = 1, 2, . . . , n are integers (n ≥ 2). What are the conditions on the h i 's so that the rational function 1
is a derivative of some rational function in k(x) for some P i 's in k pairwise distinct?
When the multi-set {h 1 , . . . , h n } is given, we can answer the question using Gröbner Basis techniques as follows. Equation (14) could be written as
where a j can be thought of as a polynomial in k[P 1 , . . . , P n ]. As the denominator is a ppower, the fraction is exact if and only if the numerator j a j x j is exact. That equates to there existing a choice of values for the P i 's so that a j = 0 for all j ≡ −1 (mod p), or 1 ∈ (a j ) j≡−1 (mod p) by Hilbert's nullstellensatz. Moreover, all the P i 's have to be distinct. That translates to j<k (P j − P k ) not lying in the radical of (a j ) j≡−1 (mod p) , or the following ideal
is not the unit ideal of k[P 1 , . . . , P n , s] by [DF04, §15, Corollary 35]. We summarize by the below proposition. Proposition 6.2. Suppose we are given a multi-set {h 1 , . . . , h n } ∈ Ω h . Then there exists a differential form dx
where the a j 's are defined in (15). Remark 6.3. We can show whether the ideal in Proposition 6.2 is a unit one by checking whether 1 is its reduced Gröbner basis (with respect to any monomial ordering). Proposition 6.4. Let k be an algebraically closed field of characteristic p > 0. Suppose 1 < h i < p for i = 1, 2, . . . , n are integers (n ≥ 2). The rational differential form
is exact for some distinct P i 's in k only if n i=1 h i ≥ p + n. The converse is true when n = 2. Proof. This argument is due to Fedor Petrov (see §1.2). Suppose that n i=1 h i < n + p and the differential form ω in (16) is exact. One may assume that the rational antiderivative of ω is of the form g/f , where f = n i=1 (x − P i ) h i −1 , and deg g < deg f = n i=1 (h i − 1) < p. This may be seen from integrating the partial fraction decomposition of n i=1 (x − P i ) −h i and convert it back to a single fraction. We have (g/f ) ′ = (g ′ f − f ′ g)/f 2 , and if deg f = a, deg g = b, the degree of the numerator equals a + b − 1, since the leading coefficient does not vanish (here we use that p can not divide a − b). Thus 1 = n i=1 (x − P i ) h i (g/f ) ′ has degree (n + a) + (a + b − 1) − 2a = n + b − 1 > 0, a contradiction. Therefore, n i=1 h i has to be at least n + p for (16) to be exact.
Suppose n = 2. One may assume that P 1 = 0. Consider the rational function
Hence, ω is a derivative of some rational function if and only if x p−e 1 (x − Q) p−e 2 is. The later is exact if and only if all the degree kp − 1 coefficients are equal to 0 as k varies. Suppose e 1 + e 2 ≥ p + 2. Then the degree of the numerator is 2p − (e 1 + e 2 ) ≤ p − 2. Thus, it is a derivative.
Remark 6.5. The converse is not true in general for n > 2. See this link for some counterexamples to differential forms of type {2, 2, . . . , 2} by Gjergji Zaimi. Using the Gröbner Basis technique (Proposition 6.2 and Remark 6.3), one can also show that there is no exact differential form of type {2, 2, 2, 6} where p = 7, even though 2 + 2 + 2 + 6 > 7 + 4.
Oort-Sekiguchi-Suwa deformations
We first observe the following phenomenon.
Proposition 6.6. The differential form
where q i ∈ k's are pairwise distinct, is exact if all but at most one of the h i 's are divisible by p. In particular, there always exists a flat deformation of type
Proof. Suppose, without loss of generality, that h 1 is the only exponent that may not be divisible by p. Then we can easily see that differential form (17) is the derivative of the following rational function .1], one can realize the characteristic p fibers of these deformations as special cases of one described in Proposition 6.6.
Non Oort-Sekiguchi-Suwa deformations
In [Dan20] , to prove that AS g is connected when g is large, we construct some equidistant deformations that do not lie in p-fibers of the Oort-Sekiguchi-Suwa component. In this section, we realize these deformations in term of exact differential forms. Proposition 6.9. There exist exact differential forms of the following types: } where 1 ≤ n ≤ p − 1 5. {3, 2, 2, 2} and {3, 3, 2, 2} where p = 5
Proof. Item (1) follows immediately from 6.4. Consider item (2). Suppose the desired differential is of the form
As discussed in Remark 5.17, one may assume, without loss of generality, that h i = (p + 1)/2. Set a 1 = 0, a 2 = 1, and rewrite the differential form (19) as
x (p−1)/2 (x − 1) (p−1)/2 (x − a 3 ) (p−1)/2 dx x p (x − 1) p (x − a 3 ) p .
As the denominator is a p-power, the differential form is exact if and only if all the terms of degree congruent to −1 modulo p in the numerator are zero. One can easily see the leading term has degree 3(p − 1)/2 < 2p − 1. Hence, it suffices to make the term of degree p − 1, which is 
to be equal to zero. We thus want a 3 to be a root of (20) (which can be thought of as a polynomial in k[a 3 ]) that is different from 0 and 1. As the constant coefficient of the polynomial is nonzero, 0 cannot be a root. Moreover, since the polynomial (p−1)/2 i=0 p−1 2 i 2 x (p−1)/2−i is separable by [Sil86, Theorem 4.1] and (p − 1)/2 is at least 2 for p ≥ 5, there are roots (in k) of (20) that are different from 1. Hence, if we pick a 3 to be one of these roots, the differential form is exact as desired.
By direct computation, one can show that the differential forms dx x p−1 (x−1) h 1 (x−(1−h 2 )/(h 1 −1)) h 2 , dx x n+1 (x p−n −1) n+1 , dx x 3 (x−1) 2 (x 2 +x+1) 2 and dx x 3 (x−1) 3 (x 2 +4x+2) 2 are solutions to 3, 4, and 5, respectively.
This gives an alternative proof for [Dan20, Theorem 3.7]. We paraphrase the statement of that theorem using the language in this paper. h j − 1 p [PZ12, Corollary 3.11] , recall that d = 2g p−1 + 2. Therefore, the irreducible components of AS g are the closure of the strata indexed by partitions of the form {h 1 , . . . , h r }, where h i ≤ p for all i. One key ingredient of our first connectedness result is that we prove, where the sum of conductors d + 2 is not congruent 1 modulo p, that all the strata of non-zero-codimension lie in the same connected component [Dan20, Corollary 4.3]. In general, AS g is connected only if none of the strata of codimension-zero is closed (unless there is only one stratum in AS g ). Furthermore, the closedness of a stratum can be realized by the following result. Proposition 6.11. A stratum of AS g indexed by − → E = {h 1 , . . . , h r } is not closed if and only if there exists a partition {g 1 , . . . , g s } ⊆ {h 1 , . . . , h r }, and an exact differential form of type {g 1 , . . . , g s }.
Proof. "⇐": Suppose, without loss of generality, that {g 1 , . . . , g s } = {h 1 , . . . , h s }. The "⇐" direction then follows immediately from Proposition 5.12 as the closure of Γ− → E contains the stratum indexed by { s i=1 h i , h s+1 , . . . , h r }. "⇒": Suppose − → E is not closed. Then, by Proposition 2.10, there exists a partition − → E ′ = {l 1 , . . . , l m } ≺ − → E such that Γ− → E ′ Γ− → E . It then follows from Proposition 2.16 that there exist 1 ≤ i ≤ m so that {l i } ≺ {h i,1 , . . . , h i,m } ⊆ − → E , and a deformation of type [l i ] − → [h i,1 , . . . , h i,m ] ⊤ . Finally, Proposition 5.12 shows that there exists an exact differential form of type {g 1 , . . . , g s } ⊆ {h i,1 , . . . , h i,m }, where { s i=1 g i } ≺ {g 1 , . . . , g s } is the difference between − → E and the immediate one below in the chain of partitions from that proposition. That completes the proof.
We can finally give the proof of Theorem 1.3.
Proof of Theorem 1.3
It is already known from Theorem 1.1 that, when p = 5, AS g is connected when g > (p−1)(p− 2) = 12. The same result shows that, when p ≥ 5, AS g is disconnected when (p − 1)/2 < g ≤ (p−1) 2 /2. Hence, it suffices to show that AS g is disconnected if (p−1) 2 /2 < g ≤ (p−1)(p−2), or the sum of conductors d + 2 is between (and including) p + 3 and 2p − 2.
Recall that the irreducible components of AS g are indexed by the closure of the strata corresponding to {h 1 , . . . , h r } where h i ≤ p for all i. Suppose d + 2 is odd (resp. even). Then there exists a stratum indexed by − → E 1 := {3, 2, . . . , 2} (resp. − → E 2 := {2, 2, . . . , 2}). It is straightforward to check that, for any {k 1 , . . . , k s } ⊆ − → E 1 (resp. − → E 2 ), s j=1 k j < p + s. Here we use that fact that the sum of the entries of − → E 1 (resp. − → E 2 ), i.e., the number d + 2, is smaller than 2p − 2. Therefore, it follows from Proposition 6.11 that the closure of the stratum corresponding to {3, 2, . . . , 2} (resp. {2, 2, . . . , 2}) only contains itself. Thus, the moduli space AS g is disconnected.
